SIMILARITY OF OPERATORS AND GEOMETRY OF 
EIGENVECTOR BUNDLES 



HYUN-KYOUNG KWON AND SERGEI TREIL 

Abstract. We characterize the contractions that are similar to the 
backward shift in the Hardy space H 2 . This characterization is given in 
terms of the geometry of the eigenvector bundles of the operators. 
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norm; since we are dealing with matrix- and operator-valued 
functions, we will use the symbol || . || (usually with a subscript) 
for the norm in a function space, while | . | is used for the norm 
in the underlying vector (operator) space. Thus, for a vector- 
valued function / the symbol ||/||2 denotes its L 2 -norm, but the 
symbol |/| stands for the scalar- valued function whose value 
at a point z is the norm of the vector f(z); 

Hardy classes of analytic functions, 

= {/ € L P (T) : f(k) : = j^f( z )z- k ^ = for k < oj . 

Hardy classes can be identified with the spaces of functions that 
are analytic in the unit disk D: in particular, H°° is the space 
of all functions bounded and analytic in D; 

vector- valued Hardy class H 2 with values in E; 

vector- valued Hardy class H 2 with values in C ra ; 

class of bounded functions on the unit circle T whose values are 
bounded operators from E* to E; 

operator Hardy class of bounded analytic functions whose val- 
ues are bounded operators from E* to E: 

IIFIU :=sup|F(z)| =esssup|F(0|; 

T$ Toeplitz operator with symbol <£; and 

tr A trace of the operator A. 

Throughout the paper all Hilbert spaces are assumed to be separable. 
We always assume that in any Hilbert space, an orthonormal basis is fixed 
so that any operator A : E — ► E* can be identified with its matrix. Thus, 
besides the usual involution A ^ A* (A* is the Hilbert-adjoint of A), we 
have two more: A i— ► A T (transpose of the matrix) and A ^ A (complex 
conjugation of the matrix), so A* = (A) T = A T . Although everything in the 
paper can be presented in an invariant, "coordinate-free" form, the use of 
transposition and complex conjugation makes the notation easier and more 
transparent. 

0. Introduction and result 

The main objects of this paper are operators with complete analytic fam- 
ilies of eigenvectors, the backward shift being one of the simplest examples 
of such operators. Classification of such operators up to unitary equivalence 
was completely done by M. J. Cowen and R. G. Douglas in [4]. They had 
shown, in particular, that if the eigenvector bundles of such operators are 
equivalent as Hermitian holomorphic vector bundles, then they are unitarily 
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equivalent. They had also introduced numerous local criteria of the equiv- 
alence of the eigenvector bundles (and so the unitary equivalence of the 
corresponding operators). 

We are interested in the problem of classification of such operators up 
to similarity. Let us recall that operators T\ and T2 are similar if there 
exists a (bounded) invertible operator A such that T\ = AT2A -1 . It was 
shown already in [4] that this problem is significantly more complicated 
than unitary classification; in particular, it was shown in 4] that similarity 
of operators cannot be expressed as a local condition on their eigenvector 
bundles. So, we restrict ourselves to a particular case of the general problem. 
Namely, we are interested in the case when an operator is similar to the 
backward shift S* in the Hardy space H 2 (scalar or vector valued). 

Let us recall that the backward shift S* in the Hardy space H% is the 
adjoint of the forward shift S, Sf(z) = zf(z), f G H 2 , and can be expressed 
as S*f(z) = (f(z) — f(0))/z, f G H 2 . The same formulas can be used to 
define S* on the vector Hardy space H\. Sometimes, to emphasize that we 
are considering S* in the vector Hardy class Hg we will use the notation 
(or 5* if dimE 1 = n). 

Eigenvectors of S* are well known. Namely, the point spectrum (the set 
of eigenvalues) of S* is the open unit disc D, and S*f = A/, / G Hg, | A| < 1, 
if and only if / can be represented as 

kje, e G E; 

here k\ denotes the reproducing kernel Q of the (scalar) Hardy space H 2 , 
k\(z) := 1/(1 — Xz). Probably the easiest way to see that is to represent kje 
as the geometric series, kje = Ylo^ X k z k e. 

We will also assume that the operator T is contractive, i.e., that ||T|| < 1. 
As one can see from our result, one cannot expect a simple solution for the 
general case. 

One can say that for this case the problem was solved by B. Sz.-Nagy and 
C. Foias, [9, Chap 9.1], [ID]. [IT] who proved that an operator A, \\A\\ < 1, 
in a separable Hilbert space is similar to an isometry if and only if its 
characteristic function is left invertible in (operator- valued) H°°. Under 
our assumptions about T the operator T* is completely non-unitary, so the 
similarity of T* to an isometry is equivalent to the similarity to the forward 
shift S, Sf(z) = zf, f G ffji, in some (generally vector-valued) H 2 space. 
Taking the adjoint operators, we obtain that T is similar to the backward 
shift S* in some vector-valyed space H 2 if and only if the characteristic 
function of the operator T* is left invertible in H°° . 

However, we are interested in the description only in terms of the geometry 
of the eigenvector bundle, and the result of B. Sz.-Nagy and C. Foia§ does 
not give such a description. 



lr The function k\ is called the reproducing kernel because (f,k\) = /(A) for / G H 2 . 
This property explains why the notation k\ and not %- is used for the function 1/(1 — Xz). 
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We assume the following about our linear operator T on a Hilbert space 

H: 

(1) T is contractive, i.e., ||T|| < 1; 

(2) dimker(T — XI) is constant for all A G B; 

(3) span{ker(T - XI) : A G B} = H ; and 

(4) the subspaces £ (A) = ker(T — XI) form a depend analytically on the 
spectral parameter A G B. 

Assumption (4) means that for each ct> G B there exists a neighborhood 
f7 w of to and a left invertible in L°° analytic operator-valued function F w 
defined on U u , F UJ (X) : E* — > E, such that ianF UJ (X) = 5(A). It is easy to 
see that dimE* must be the same for all cj, so dim 5(A) = dimE* for all 
A G B, so condition (2) is redundant. 

If dimE* < oo, then the columns of F(X) form a basis in 5(A), so the 
disjoint union U^d, 5(A) = {(-^> w a) ■ X £ D,v\ £ 5(A)} is a holomorphic 
vector bundle over B (subbundle of the trivial bundle B x H) with the 
natural projection tt, ir(X,V\) = X. 

In the case dimE* = oo, the above statement can be used as a definition 
of a holomorphic vector bundle of infinite rank. 

We will follow the usual agreements and write v\ instead of (A, v\), which 
simplifies the notation. Note, that the subspaces 5(A) inherit the metric 
from the Hilbert space H, so our bundle II^eu^M ^ s a Hermitian holomor- 
phic vector bundle. 

One can state some assumptions about the operator T that guarantee 
that condition (4) holds. For example, it is proven in [3] that for a bounded 
linear operator T : H — > H such that for all A G B the operator T — XI is 
Fredholdm, ran(T — XI) = H and dimker(T — XI) = const, condition (4) 
holds. 

In order to state the result of the paper, we define on the unit disk B a 
projection- valued function II : B — » B(H) that assigns to each A G B, the 
orthogonal projection onto ker(T — XI); 

11(A) := Pkcr(T-A/)- 

This function is clearly C°° and even real analytic in the operator norm 
topology, but in what follows we will only need the fact that it is a C 2 
function, i.e., a function twice continuously differentiable (in the operator 
norm topology). 

Let us also recall that if 5 and 5 are two holomorphic vector bundles 
over the same set f2, then a map \P : 5 — > 5 is called a bundle map if 
it is holomorphic, and for each A G f2 the restriction of VP onto the fiber 
5(A) := 7r _1 (A) is a linear transformation from 5(A) to 5(A) = 7f _1 (A). 

Now we are ready to state our main result: 

Theorem 0.1. Let T be a linear operator on a Hilbert space H under as- 
sumptions (1) through (4) such that dimker(T — XI) = n < oo for every 
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A G D. Let n(A) 6e i/te orthogonal projection onto ker(T — A/). T/ien i/ie 
following statements are equivalent: 

(1) T is similar to the backward shift operator S* on H\ via an invertible 
operator A : H% — ► i?; 

(2) TTie eigenvector bundles of T and S* are "uniformly equivalent" . 
i.e., there exists a holomorphic bundle map bijection ^ from the 
eigenvector bundle of S* to that of T such that for some constant 
c> 0, 



1 



v\\\m ^ \\^( v \)\\h < c\\ v \\\m 



for all v\ e ker(S*I - A) and for all A € B; 
(3) There exists a bounded subharmonic function ip such that 

2 

n 

for all z G 

e 2 : 1 ^ ' 



A<p(z) > 
(4) The measure 



dU(z) 

dz 



(1 



dU{z) 
dz 



n 



&2 



\2\2 



(1 — \z\)dxdy 



is Carleson and the estimate 
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dU(z) 

dz 



n 



6 2 
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holds. 

Remark 0.2. We see in Section 1 that 
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dll(z) 

dz 
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Remark 0.3. Treating ker(T — XI) as a subbundle of the trivial bundle H x 
D, one can see that — 9 is its second fundamental form, so the mean 

curvature of the eigenvector bundle ker(T — A) is — I | . On the 



e 2 



other hand, — (1 — |A| 2 ) -2 = Aln(l — |A| 2 ) is the curvature of the eigenvector 
bundle of S*, so — n(l — |A| 2 )^ 2 is the mean curvature of the eigenvector 
bundle of the backward shift S* of multiplicity n. 

Thus, statements (3) and (4) are about the mean curvatures of the eigen- 
vector bundles of T and S* . 

Remark 0.4. Statement (3) of the theorem simply means that the Green 
potential 



aw := - 



f In 

Jo 


z-X 




8U(z) 


2 


l-Xz 




dz 


e 2 (1 



n 



\2\2 



dxdy 



is uniformly bounded inside the unit disk D. Integrating separately over a 
small neighborhood of A and the rest of D, one can easily see that (4) => 
(3). 
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1. Preliminaries 

1.1. Inner-outer factorization and invariant subspaces. Let us recall 
that an operator-valued function F G H^^ E is called inner if F(z) is an 
isometry a.e. on T, and outer if FH Ef is dense in H E . Every F G H^^ E 
can be represented as F = FiF Q for an inner function Fi G _ E , an outer 
function F Q G _+ E , and an auxiliary Hilbert space E#. 

Let S = Se be the (forward) shift operator on H E , Sf = zf,fe H E . The 
famous Beurling-Lax Theorem says that any non-zero S'-invariant subspace 
£ C H E , S£ C £, can be represented as &H E , where E* is an auxiliary 
Hilbert space and G H^P ^ E is an inner function. The inner function is 
unique up to a constant unitary factor on the right. 

The backward shift S* , S* f = (f(z) - f(Q))/z, f G H% is the adjoint of 
S, so any non-trivial invariant subspace K C H E of S* admits the represen- 
tation K = Kq := H E QH E with some inner function G _ B . 

1.2. Tensor structure of the eigenvector bundle of T. The following 
theorem [8, Chap 0.2] plays a critical role in what follows. 

Theorem 1.1 (Model Theorem). Every contraction T on H with the prop- 
erty that lim n ||^4 n /i|| = for every h G H is unitarily equivalent to S* E \K 
for some Hilbert space E and an S* E -invariant subspace K of H E . 

For our operator T we trivially have lim n ||T n /i|| = for linear combi- 
nations of eigenvectors, which are dense in H by assumption (3). Since T 
is a contraction, ||T ra || < 1, so the standard e/3 argument shows that the 
conditions of Theorem 1.1. are satisfied. So, without loss of generality, we 
can assume that T is the restriction of the backward shift S* in the vector 
Hardy space H E (where E is an auxiliary Hilbert space) onto its invariant 
subspace K C H E . If K = H E the operator T is the backward shift, so 
we only need to consider the case when if is a proper subspace of H E . In 
this case K can be represented as K = K®, where G H^ E is an inner 
function. 

Clearly an eigenvector of T is an eigenvector of S* , and the eigenvectors of 
S* are well known. As it was shown before in the introduction the eigenspace 
ker(S'* — XI) of the backward shift S* in the scalar Hardy space H 2 spanned 
by the reproducing kernel k\, where recall k\(z) = 1/(1 — Xz). So in the 
case of the backward shift S E in H E , 

ker(S* E - XI) = {kj{z)e : e G E} . 

So, the eigenspaces of T = S*\K are given by 

ker(T - XI) = kjE(X) = {%e : e G E(X)}, 

where the E(X) are some subspaces of the space E. The assumption (3) 
that ker(T — XI) is a holomorphic vector bundle implies that the subspaces 
E(X) depend analytically on the spectral parameter A, i.e., that the family 
of subspaces E(X) is a holomorphic vector bundle as well. 
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The vector valued Hardy space H E is a natural realization of the tensor 
product H 2 ® E, so we can write 

ker(T - XI) = kj® E(\). 

Remark 1.2. While it is not essential for the proof of the main result (The- 
orem [OTTj) , it is easy to see that E(X) = ker0(A)*, where G H^_ E is the 
inner function such that K = K@. Indeed, an eigenvector kre belongs to 
Kq if and only if kje _L QH E ■ Using the reproducing kernel property of k\ 
we get that for h G , 

(1.1) (@h, kje) H 2 E = (0(A>(A), e) E = (h(X), 0(A)*e) E . 

Since {h(X) : h G H E J = E, we conclude that k~ x e _L QH 2 iff 6(A)*e = 0. 
Therefore, E(X) = ker 6(A)*. 

Remark 1.3. The inner function G appearing above is the charac- 

teristic function of the operator T*, and therefore the spaces E* and E can 
be identified with clos(/ — TT*)^H and clos(/ — T*T)2H, respectively [9, 
Chap 6.2]. 

1.3. Curvature of the eigenvector bundle of T. Let us compute the 
norm | dH/dz | 2 & , where H(z) is the orthogonal projection onto ker(T — 
zT). As we mentioned before, this expression is the mean curvature of the 
eigenvector bundle of T. 

Using the tensor structure ker(T — XI) = k x <8> E(X) one can represent 
11(A) as 

(1.2) n(A) = n!(A)®n 2 (A), 

where IT (A) it the orthogonal projection in the (scalar) space H 2 onto 
spanj/c^}, and 112(A) is the orthogonal projection in E onto E(X). 



Lemma 1.4. In the above notation, «/ rank 11(A) (= rank 112(A)) 
then 



n < 00, 



dU(X) 
~dX~ 



6 2 



(1 



dlli (A) 


2 


dX 




n 


+ 


- \z\ 2 ) 2 



+ 



an 2 (A) 

dX 



6 2 



an 2 (A) 

dX 



6-, 



To prove this lemma we will need a couple of well known and simple facts. 



Lemma 1.5. LetE(X), A G B, be an analytic family of sub spaces (holomor- 
phic vector bundle), and let 11(A) be the orthogonal projection onto E(X). 
Then 



dz dz 

This lemma is a well known fact in complex differential geometry, but for 
the sake of completeness we present the proof. 
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Proof of Lemma \1.5[ The fact that the family of subspaces -E"(A) is a holo- 
morphic vector bundle means that locally the subspaces E(X) can be rep- 
resented as rani ? (A) where F is a left invertible analytic operator- valued 
function. Given such a representation one can write the formula for II, 
II = F(F* F)^ 1 F* . Direct computation shows that 

an(z) 



dz 



(I-U(z))F'(z)(F(zrF(z))^F(zr 



and the conclusion of the lemma follows immediately. 

Lemma 1.6. For operators A and B in the Hilbert- Schmidt class 6 2 , 



□ 



\A®Bf 62 = \\A\ 



6 2 



\B\ 



&2- 



This lemma is well known and the proof is an easy exercise, so we omit 



it. 



Proof of Lemma \1.4\ Using the product rule, we get from (|1.2|) 



(1.3) 



an(A) arii (A) 



n 2 (A) + iii(A) ® 



an 2 (A) 
aA 



X + Y. 



dX dX 

The identity n 2 (A)^^ = (see Lemma [L5| implies that X*Y = 0. 
Therefore 

\X + Y\% 2 = trX*X + tvY*Y + 2Retr(X*Y) = tr X* X + trY*Y 

= I X I 2 e 2 + I Y I ! 2 

Applying Lemma 11.61 to each term and recalling that for an orthogonal 
projection P we have | P | @ = rankP, we get that 



an(A) 
aA 



n 



an x (A) 
aA 



+ 



6_> 



an 2 (A) 



aA 



s 2 

The lemma is proved modulo computation of | 9 ^g^ | & , which is done in 
the next lemma. □ 

Lemma 1.7. Let IT (A) be the orthogonal projection onto spanj/c^} in H 2 
(scalar valued). Then 

2 

= (1 - |A| 2 ) -2 for all A G ED. 



anx(A) 



aA 



e-2 



Proof of Lemma \1. 7\ The proof can a simple exercise in complex differential 
geometry, using the fact that the quantity in question is (up to the sign) the 
curvature of the eigenvector bundle of S* ; see Remark 10.31 

However, for the convenience of the reader we present a direct computa- 
tion (one of the many possible). 

First, recall that k\ is the reproducing kernel of H 2 , i.e., (/, k\) = /(A) 
for all / £ H 2 . Using the reproducing kernel property of k\ we conclude 
that ||jfe A ||! = {k x ,k x ) = (1 - lAI 2 )" 1 . Therefore for / G H 2 , 

n 2 (A)/ = ||A; A || 2 - 2 (/, k- x )k- x = (1 - |A| 2 )/(A)A; A . 
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Taking and using the fact that 



we get 



an 2 (A) 

<9A 



/ = /(A)(-A% + (l-|A| 2 )%), 



where 



Note, that for f £ H 2 , 

(1-4) (f,h)=f'(X). 
Using this identity one can get that 

H ftA H2 ~ (1 _ |A|2)3 ~ 11^112- 

The reproducing property for k\ implies that 



I fa 



|A| 



(i-IW 

Combining all together we can conclude that 

||-A^ + (1-|A| 2 )%||I = (1-|A| 2 )- 1 - 
Since /(A) = (/, fa), and as we discussed above \\k 



2\-l 



2 

A II 2 



C A||2 



(1 



anx (A) 

dX 



2\-2 



Since (see Lemma fl.5p 9 g X is a rank one operator, its operator and Hilbert- 
Schmidt norms coincide. □ 

2. From uniform equivalence of bundles to curvature condition 

In this section we are going to prove the implication (2) ==>• (4). 
Note that according to Lemma 11.41 



an 2 (A) 


2 


an(A) 


2 

n 




&2 


dX 


e 2 (1-M 2 ) 2 



so 



an(A) 



in statements (3) and (4) of Theorem 10.11 can be 

2 

e 2 ' 



an 2 (A) 

OA 



s 2 CH^FF 
replaced by the curvature 

Let \E' be the uniformly equivalent bundle map bijection, as in condition 
(2). A bundle map means that VP is an analytic function of A, maps the fiber 
ker(5* — XI) to the fiber ker(T — XI) and is linear in each fiber ker(£* — XI). 

It is easy to see from the descriptions of ker(S** — XI) and ker(T — XI) 
that any such bundle map bijection is represented by 

#(fae) = fa • F(X)e, Ve G C n , 
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where F G H^ n ^ E is an operator-valued function such that 

ranF(A) = E(X) (= ker6(A)*). 
The "uniform equivalence" property of ^ means that 
(2.1) c~ x I < F*F < CI, Vz G D. 

Hence the orthogonal projection 112(A) from E onto E{\) can be written 
down as 

n 2 = F(F*F)- 1 F*. 

Differentiating we get = {I - U 2 (z))F' \z){F(z)* F{z))~ l F{z)* , and 

taking into account (|2.ip we have 

du 2 (z) 



(2.2) 



dz 



<C\F\z)\. 



The function F takes values in the Hilbert-Schmidt class ©2 which is a 
Hilbert space, and for bounded analytic functions with values in a Hilbert 
space the estimate 

\F'(z)\<C/(l-\z\) 

holds, and the measure 

\F'(z)\ 2 (l - \z\)dxdy 

is Carleson. Combining these facts with (|2.2ft we conclude that the curvature 
condition (4) holds. 

3. Curvature condition implies similarity 

As we already mentioned in the Introduction, see Remark 10.41 there, it is 
easy to show that condition (4) implies condition (3). 

As it was already discussed in the beginning of the previous section, the 

expression | 9 q^' | & — ^fz^rp in statements (3) and (4) of Theorem 10.11 

can be replaced by | | & ■ So, the implication (3) (1) follows 

from the theorem below, which holds even in the case dim£^(A) = 00. 

Theorem 3.1. Let E(X), A G D, be an analytic family of subspaces of a 
Hilbert space E, and let n(A) be the orthogonal projection onto E(X). Let 

T = S* E \K, 

where K is the S* -invariant subspace of H E , K := spanj^e : A G B, e G 
E(X)}. Suppose that there exists a bounded, subharmonic function ip such 
that 

du 2 (z) 



Aip(z) > 



Vz G 



dz 

Then T is similar to the backward shift S E , where E* is an auxiliary Hilbert 
space and dim E* = dim E(\) . 
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3.1. Toeplitz operators. To prove Theorem l3.1l we will need to recall some 
simple facts about Toeplitz operators. Let us recall that given an operator- 
valued function F G L°°E^E*, the Toeplitz operator T F : H E — ► H E with 
symbol F is defined by the formula 

T F f = P + (Ff), feH 2 

where P+ is the orthogonal projection in L 2 onto H 2 . 

If the symbol F is analytic (F G H^!_, E ), then the Toeplits operator T F is 
simply the multiplication operator (more precisely, its restriction onto H 2 ). 

It is easy to see that if F, G G H°° , then 

(3.1) T F T G = TpQ. 

We will also need the following well known and easy to prove fact that in 
Fetff_^,then 

(3.2) T F *k x e = k x F*(\)e, e G E* 
and 

(3.3) T F *S% 9 = Sr E T F .. 

3.2. Proof of Theorem 13.11 We want to prove the existence of an invert- 
ible operator A : H 2 — > .fT satisfying the intertwining relation AS* = TA 
(recall that T = S* E \ K). 

We will need the following theorem by S. Treil and B. D. Wick [17]. 

Theorem 3.2. Let II : D — > B(E) be a C 2 function whose values are or- 
thogonal projections in E, satisfying the identity II (z) = 0. Assume 
that for some bounded subharmonic function tp, we have 

dll(z) 2 



Atp(z) > 



Oz 



for all z G 



Then there exists a bounded analytic projection onto ran II(z), i.e., a func- 
tion V G such that Viz) is a projection onto ranll(z) for all z£D. 

By Lemma 11.51 the function II from Theorem 13.11 satisfies the identity 
II(z) 9 = 0, so applying Theorem 13.21 to it we get a bounded analytic 
projection Viz) onto ranll(z). Consider the inner-outer factorization V = 
V\V of V, where V\ G H^f _ E is the inner part and V G H-Ie-e ^ s * ne ou ter 
part of V. Define a function v\ by V\iz) := Vi(z), and consider the Toeplitz 
operator TL|j. Since (vf)* G H^^, (|3.3j) implies 

i 

(3.4) T v tS* Et = S* E T v i. 

If we show that the operator is left invertible and that ranT^tt = K, we 
are done: the operator A we want to find is simply the Toeplitz operator T„tt 

i 

treated as an operator H E ^ — ► X. The left invertibility of ZLj together with 
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ranT—u = K means that A is invertible, and the intertwining AS^ = TA 

follows from (|3.4p . 

The left invertibility of is a corollary of the following lemma. 

Lemma 3.3. The outer part V is a left inverse of V\, i.e., V V\ = I for 
all zeB. 

This lemma immediately implies that T„j , where v\,{z) := Vo(z), is a left 
inverse of T„tt • Indeed 

i 

The last equality holds because VoT^i = I and Tj = I; the previous one 
follows from flSDJ because (vf)*, (vl)* G H°°. 

Proof of Lemma EQ1 It follows from ([370 that 

Ti rj~\ rji r~fi rji rji rji rji 

V-^Vo — l V — l V 2 — 1 V i VoV i Po — 1 r i 1 VoVi 1 V - 

The operator Tp Q has dense range because V is outer, and ker T-p = {0} 
because V\ is inner (in fact, T-p. = {0} is an isometry). Therefore Tp Q p. = I, 
so V Vi = I for all z G B. □ 

To complete the proof of Theorem 13,11 it remains to show that ran T^j = 

K. First of all, let us notice that 

ran ^ (A) = E(X) VA G B. 

Indeed, the inclusion E(X) = ran"P(A) C ran"Pj(A) is trivial because of the 
factorization V = V{P Q . Since V Q is outer, the set ran'Po(A) is dense in E* 
for all A G B. But Vi(X) ranP D (A) = E(X), so ran-Pi(A) C E(X). It follows 
from (GL2D that 



(3.5) T vt k- x e = k- x Vf{X)e = hV i (X)e. 

i 

To see that we got all the complex conjugates correctly, one can fix bases in 
E and E*, consider the matrix representation of the operators, and notice 
that V*{z) = (V T (z))*. Then a direct application of (JE21) implies <KE\i . 
The equality ran"Pi(A) = E(X) together with (]3.5[) imply that 

T v tk- X ®E* = k x ®E(X). 

Since span{% ®£*:AeD} = , span{% (g> E(X) : X G B} = K , and the 
operator T„tt is left invertible, we conclude that ranT„j = K. □ 

i i 

4. Connection with a result by B. Sz.-Nagy and C. Foia§ 

We already mentioned in the Introduction the following result by B. Sz.- 
Nagy and C. Foias, [6, Chap 1.5], [9, Chap 9.1], [10], p]. 

Theorem 4.1. A contraction A (\\A\\ < 1) in a Hilbert space is similar to 
an isometry if and only if its characteristic function is left invertible in H°° . 
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We are not giving the definition of the characteristic function of a con- 
traction here, because it is quite technical and is not relevant to our paper. 
The reader only needs to know that if A = T*, where T is the restriction of 
the backward shift S* onto an 5* -invariant subspace K = Kq C then 
the inner function O is the characteristic function of A. 

If the operator A = T* is unitarily equivalent to an isometry U, the isom- 
etry U must be unitarily equivalent to the forward shift Se* in H E . Indeed, 
since lim n ||T n /|| = for all / G K, the same holds for U*, lim n || (t/*) n x|| = 
for all x. But it is a well known fact (an easy corollary of the Kolmogorov- 
Vold decomposition of isometries) that such isometry U is unitarily equiva- 
lent to the forward shift S in H E . So, applying Theorem l4.1l to our situation 
we get that T is similar to the backward shift if and only if the inner function 
G is left invertible in H°°. 

We would like to investigate what the relation between this statement 
and our result is. The following remarkable lemma by N. Nikolski provides 
that necessary connection. 

Lemma 4.2. Let F G _ E satisfy 

F{z)*F{z) > 5 2 I for all z G D. 

Then F is left invertible in H°°, i.e., there exists a G G B^_ E such that 
GF = I, if and only if there exists a function V G H%°^e whose values are 
projections (not necessarily orthogonal) onto rani ? (z) for all z G O. 

By this lemma, T is similar to a backward shift if and only if there exists 
a bounded analytic projection V(z) onto ran0(z). Let Q = I — V be the 
complementary projection. Then Q(z)* is a projection onto (ran©(z))- L = 
kerO(z)*. But as we discussed above in Section [L~2| ker0(z)* = E(z). 

Notice, that the function z ^ Q( z )* is antianalytic, so T is similar 
to the backward shift iff there exists a bounded antianalytic projection 
onto kerO(z)*, or equivalently, a bounded analytic projection onto E{z) = 
kerG(z)*. 

Of course this is only a sketch and we leave all the details to the reader 
as an exercise. 

5. Remark about assumption ||T|| < 1 

In this section we will show that the assumption ||T|| < 1 is essential for 
Theorem 10. li We will show that if we omit this assumption, it is possible to 
construct an operator T whose eigenvector bundle is uniformly equivalent 
to that of S* (in the scalar Hardy space), but such that T ans S* are not 
even quazisimilar. 

Let us recall that operators T\ and T2 are called quazisimilar if there exist 
operators A and B with dense ranges and trivial kernels such that 

AT\ = T 2 A, TiB = BT 2 

(if T\ and T 2 are similar, then B = AA^ 1 ). 
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Theorem 5.1. Given e > 0, there exists an operator T such that 

(1) T satisfies assumptions (2) through (4) from the introduction with 
dimker(T - XI) = 1 for A G B; 

(2) T* is "almost isometry" , i.e., 

(1 < \\T*x\\ < (1 + e)||x|| Vx G H; 

(3) the eigenvector bundles of T and S* are almost isomerically equiva- 
lent, i.e., there exists a bundle map bijection ^ from the eigenvector 
bundle of S* to that of T such that 

{I + e^WvxW < \\^{v x )\\ < + 
for all A G B and for all v\ G ker(S'* — XI); 
and such that the only operator A satisfying AT = S*A is A = 0, so A is 
not even quazisimilar to S* . 

We will construct the operator T as the backward shift, i.e., the adjoint of 
the forward shift S in the space H^, with the weight sequence w = {wk}^° 
(w k > 0): 

H l '■= { f = ^2 anzn : H-fii™ := Yl ki 2u, « < °° 

[ n>0 n>0 

If one assumes that liminf n |o n | 1//n = 1, the space is a space of analytic 
in the unit disc B functions. Moreover, for all A G B the functional / /(A) 
is bounded, so for each A G B there exists a unique function k x G (the 
reproducing kernel of H%f) such that 

(5-1) (/,k A ) = /(A) V/e^. 

The reproducing kernel k A can be easily computed. Namely, it is easy to 
see that if {v?n}o° is an orthonormal basis in H^, then 

00 

k\(z) = ^2<p n (\)<p n (z). 


Taking the orthonormal basis {z n /^/w n }§°, we get 



00 r 
z r 



(5.2) kx{z) = ^2—. 

Note that the Hardy space H 2 is a particular case {w n = 1 for all n) of 
the space H^, and formula (|5.2p in this case gives the reproducing kernel 
k x (z) = 1/(1 - Xz) of H 2 . 

If one assumes that sup n w n +i/w n < 00, then the shift operator S, 
Sf(z) = zf(z) is a bounded operator in H^. The adjoint S* is called the 
backward shift, and it is easy to see that 

00 

-a n+ iz . 
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From this formula and (|5.2[) one easily concludes that 

ker(S* — XI) = span{k A }. 

It follows from the reproducing kernel property that span{k A : A G B} = 
H^, so T = S* satisfies the assumptions (1)— (4) from the Introduction. 
Condition (2) of Theorem 15.11 is satisfied if and only if 

(5.3) (1 + e)- 2 < w n+1 /w n < (1 + e) 2 Vn > 0. 

The mapping ty, ^>{ak\) = ak\, o £ C, A £ D, is clearly a holomorphic 
bundle map bijection between the eigenvector bundles of S* and S*. Since 
\\kx\\ 2 H 2 = (k x ,k x ) = k x (X) (= (1 - IAI 2 )" 1 ) and similarly ||k A ||^ 2 = k A (A), 
condition (3) of Theorem 15.11 is equivalent to the estimate 

(5.4) (1 + £)~ 2 k\(\) < k A (A) < (1 + e) 2 k\(X) VA G B. 

Lemma 5.2. If sup n w n = oo, then there is no non-zero bounded operator 
A satisfying AS* = SA. 

Proof. Let AS* = S*A for some A ^ 0. Then SA* = A*S and therefore 
S n A* = A*S n . 

Take / G H 2 such that A* f = a n z n ± 0. Pick m such that a m / 0. 
Then 



i2 



\\S n Aff = \aj\ 2 w j+n > \a r , 

j=0 

so sup n ||S™^4/|| = oo because sup n ti; m _|_ n = oo. 

On the other hand, ||^4*5 n /||^2 < ||j4*||||/||#2, giving us a contradiction. 

□ 



1 

OO 



So, to prove the theorem, we need to find an unbounded sequence {w n }° 
satisfying (15. 3p . and such that (15. 4p holds. We define the sequence {w n }i 
to be 1 for all n except in sparse intervals from Nj to Nj + 2j; the numbers 
Nj will be specified later. On the intervals [Nj,Nj + 2 j] the sequence has 
"spikes" : In w n on [Nj , Nj + 2j] is the piecewise affine function with slope 
±2 ln(l + e), increasing from to 2j ln(l + e) on [Nj,Nj + j] and decreasing 
back to on [Nj + j, Nj + 2j]; see Figure [Q 

Formally, we write 



In w n 



2m ln(l + e) n = N^ + m, < m < j, 

2{j — m) ln(l + e) n = N^ + j + m, < m < j, 
otherwise. 

We pick a sequence Nj such that 

Nj + 2j < N j+1 
2j-l < o_ 



Nj + 2j ~ 23 

where a is a small number such that 1 — a > (1 + e) 



-2 
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Figure 1. The function lnw n : two "spikes" are shown 



The sequence {w n }^ is clearly unbounded. Because of the slope condition 
for lnu; n condition (|5.3|) is satisfied. 

The Lemma below completes the proof of the theorem. 

Lemma 5.3. For the weight w = {w n }o° constructed above, the reproducing 
kernel h x of satisfies the inequality (15.4j) . 

Proof of Lemma \5.S\ Since w n > 1, 

k *( A ) = E ^l A l 2n ^ E l A l 2n = **(A) < (1 + efk x (\), 

n>0 n n>0 

so one estimate is obvious. To get the other one, it is enough to show that 
k x (X)-k x (X)<ak x (X). 

Since 1 — l/w n ^ only for n £ (Nj, Nj + 2j), we can write 

, v oo N x +2j-l ( . 

WA)-MA)-E(>~)W*-E E 

n>0 V 7 j=l n=Nj+l v n/ 

For each j 

N 3 +2j-l Nj+Zj-l 



E f 1 -^)^ E w ! 



n=iV,-+l v ' " n=7Vj+l 

f,-+l) |\|2(JVi+2j) ^ 



lAp^+i) - |A| 2 (^+^') < Aj 



1-|A| 2 — 1 — |A| ; 

where 

Aj = max{x^ +1 - x N ^ +2j : < x < 1} 
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l 

(here x = |A| 2 ). The maximum is attained at x = ^ N^+2j ) ^ 1 ' an< ^ 

_ / jV J + l \^ 2j-l < 2j-l < a 
J V JVj + 2j J Nj + 2j ~ Nj + 2 j " V 

by our choice of Nj. 
Summing over j we get 

fcA(A) - k A (A) < —^J> 2 ~ ] = 7^2 = « fc A(A), 

so the lemma is proved. □ 



References 

[1] M. Andersson, The Corona Theorem for Matrices, Math. Z., 201 (1989), 121-130. 
[2] J. Aubin, Applied Functional Analysis, John Wiley & Sons, Inc., New York, 1979, 

Exercises by Bernard Cornet and Jean-Michel Lasry, Translated by Carole Labrousse. 
[3] L. Carleson, Interpolations by bounded analytic functions and the Corona problem, 

Ann. of Math. (2) 76, (1962), 547-559. 
[4] M. J. Cowen and R. G. Douglas, Complex Geometry and Operator Theory, Acta. 

Math. 141 (1978), 187-261. 
[5] P. Griffiths and J. Harris, Principles of Algebraic Geometry, John Wiley & Sons, Inc., 

New York, 1994. 

[6] N. K. Nikolski, Operators, Functions, and Systems: An Easy Reading. Vol. 1: Hardy, 
Hankel, and Toeplitz, Mathematical Surveys and Monographs, Vol. 92, American 
Mathematical Society, Providence, RI, 2002, Translated from the French by Andreas 
Hartmann. 

[7] , Operators, Functions, and Systems: An Easy Reading. Vol. 2: Model Opera- 
tors and Systems, Mathematical Surveys and Monographs, Vol. 93, American Math- 
ematical Society, Providence, RI, 2002, Translated from the French by Andreas Hart- 
mann. 

[8] , Treatise on the Shift Operator, Grundlehren der Mathematischen Wis- 

senschaften [Fundamental Principles of Mathematical Sciences], vol. 273, Springer- 
Verlag, Berlin, 1986, Spectral function theory, With an appendix by S. V. Hruscev 
[S. V. Khrushchev] and V. V. Peller, Translated from the Russian by Jaak Peetre. 
[9] B. Sz.-Nagy and C. Foia§, Harmonic Analysis of Operators on Hilbert Space, North- 
Holland Publishing Co., Amsterdam, 1970, Translated from the French and revised. 

[10] B. Sz.-Nagy and C. Foia§, On the structure of intertwining operators, Acta Sci. Math. 
Szeged, 35 (1973), 225-254. 

[11] B. Sz.-Nagy and C. Foia§, Sur les contractions de I'espace de Hilbert. X. Contractions 
similaires a des transformations unitaires, Acta Sci. Math. Szeged, 26 (1965), 79-91. 

[12] S. R. Treil, Angles between co-invariant sub-spaces, and the operator corona problem. 
The Szokefalvi-Nagy problem, Dokl. Akad. Nauk SSSR 302 (1988), No. 5, 1063-1068. 

[13] , Geometric methods in spectral theory of vector-valued functions: some recent 

results, Toeplitz operators and spectral function theory, Oper. Theory Adv. Appl., 
Vol. 42, Birkhauser, Basel, 1989, pp. 209-280. 

[14] , Unconditional bases of invariant subspaces of a contraction with finite defects, 

Indiana Univ. Math. J. 46 (1997), No. 4, 1021-1054. 

[15] , An operator Corona Theorem, Indiana Univ. Math. J. 53 (2004), No. 6, 

1765-1784. 



18 



HYUN-KYOUNG KWON AND SERGEI TREIL 



[16] , Lower bounds in the matrix corona theorem and the codimension one conjec- 
ture, Geometric and Functional Analysis, 14 (2004), 1118-1133. 

[17] S. Treil and B. D. Wick, Analytic Projections, Corona Problem and Geometry of 
Holomorphic Vector Bundles, arXiv: math/0702756 vl, accepted to the Journal of 
American Mathematical Society. 

[18] A. Uchiyama, Corona theorems for countably many functions and estimates for their 
solutions, preprint, UCLA, 1980. 

Department of Mathematics, Brown University, 151 Thayer Street Box 
1917, Providence, Rl USA 02912 



